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Abstract
Here we introduce and characterize a new class of le-modules RM where R is a commutative
ring with 1 and (M,+,6, e) is a lattice ordered semigroup with the greatest element e. Several
notions are defined and uniqueness theorems for primary decompositions of a submodule element
in a Laskerian le-module are established.
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1 Introduction
The observation by W. Krull [16] that many results in the ideal theory of commutative rings [17] do
not depend on the fact that the ideals are composed of elements, leads to the abstract ideal theory.
The researchers chose the system, namely lattice ordered semigroups where an element represents
an ideal of the ring as an undivided entity. There are numerous publications dealing with lattice
ordered commutative semigroups [3, 4, 7] and multiplicative lattice [2, 6, 19, 29] – [31], generalizing
commutative ideal theory.
What follows, there are numerous publications studying in abstract form the class of submodules
of a module over a commutative ring. Researchers considered a complete lattice M together with an
action of a multiplicative lattice L on M similar to the action of a ring on an additive abelian group,
as if M is the class of all subsets of an R-module and L is the class of all subsets of the ring R. Such
a system M is known as L-module or lattice module [1, 12] – [15, 20, 21, 24, 32, 33].
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In this article we initiate to develop an “abstract submodule theory”, analogous to the “abstract
ideal theory”, which would be capable to give insight about rings more directly. Since it is intended
that the treatment should be purely submodule theoretic, the system we choose here is a lattice M
with a commutative and associative addition. We consider an action of a commutative ring R with
1 on M .
Here we call an le-module RM Laskerian if each submodule element of M is a meet of primary
elements of M . Two uniqueness theorems for primary decompositions of submodule elements of a
Laskerian le-module are proved. Radical of a submodule element n of M is defined to be an ideal of
the ring R, and, naturally, associated primes of n are prime ideals of R. Thus we found direct ways
of interaction of a ring R with le-modules.
This article is organized as follows. In the first section we give our definition of an le-module and
introduce the notion of submodule elements in le-modules which represent submodules of a module
as an undivided entity. Also we prove a number of basic results characterizing submodule elements.
Section 3 is devoted to characterize prime and primary submodule elements. We study primary
decomposition of a submodule element and their uniqueness in Section 4.
2 Definition and basic properties of le-modules
Throughout the article, N denotes the set of all natural numbers and R stands for a commutative
ring with 1. For the results on rings, modules we refer to [5, 17, 18, 22, 26, 27].
An le-semigroup (M,+,6, e) is a commutative monoid with the zero element 0M at the same
time a complete lattice with the greatest element e that satisfies
(S) m+ (∨i∈Imi) = ∨i∈I(m+mi), for all m,mi ∈M, i ∈ I.
Definition 2.1. Let R be a ring and (M,+,6) be an le-semigroup with the zero element 0M . Then
M is called an le-module over R if there is a mapping R×M −→ M satisfying
(M1) r(m1 +m2) = rm1 + rm2
(M2) (r1 + r2)m 6 r1m+ r2m
(M3) (r1r2)m = r1(r2m)
(M4) 1R.m = m; 0R.m = r.0M = 0M
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(M5) r(∨i∈Imi) = ∨i∈Irmi, for all r, r1, r2 ∈ R and m,m1, m2, mi ∈ M and i ∈ I.
We denote an le-module M over R by RM . From the Definition 2.1(M5), we have,
(M5)′ m1 6 m2 ⇒ rm1 6 rm2, for all r ∈ R and m1, m2 ∈ M .
Let RM be an le-module. An element n of M is said to be a submodule element if n+n, rn 6 n,
for all r ∈ R. A submodule element n is called proper if n 6= e. Observe that 0M = 0R.n 6 n,
for every submodule element n of M . We denote (−1).n = −n. Readers should note that −n is
not additive inverse of n. Inspite of 0R.m = 0M , it happens because (r1 + r2)m and r1m + r2m are
not equal, in general. For every submodule element n of M , we have n = −n, and so −n is also a
submodule element of M . Also n+ n = n, i.e. every submodule element of M is an idempotent.
Let RM be an le-module and n be an element of M . If A is an ideal of R, we define
An = ∨{
∑k
i=1 ain : k ∈ N; a1, a2, · · · , ak ∈ A}
Proposition 2.2. Let RM be an le-module. If A is an ideal of R and n is an element of M then An
is a submodule element of M .
Proof. An+An = (a1n∨ (a1n+ a2n)∨ · · · )+ (b1n∨ (b1n+ b2n)∨ · · · ) = ((a1n∨ (a1n+ a2n)∨ · · · )+
b1n) ∨ ((a1n ∨ (a1n + a2n) ∨ · · · ) + (b1n+ b2n)) ∨ · · · = (a1n + b1n) ∨ (a1n + a2n+ b1n) ∨ · · · 6 An.
Also r.(An) = r.(a1n∨ (a1n+ a2n)∨ · · · ) = (ra1)n∨ ((ra1)n+(ra2)n)∨ · · · 6 An, since A is an ideal
of R. Thus An is a submodule element of RM .
Proposition 2.3. Let RM be an le-module, A and B be two ideals of R, and l and n be two submodule
elements of M . Then
(i) A(Bn) = (AB)n;
(ii) An 6 n;
(iii) A ⊆ B ⇒ An 6 Bn;
(iv) l 6 n⇒ Al 6 Bn;
(v) A(l + n) = Al + An;
(vi) (A+B)n = An +Bn;
(vii) A(l ∧ n) 6 Al ∧ An;
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(viii) (A ∩B)n 6 An ∧ Bn.
Proof. (i) We have
An = ∨{
∑k
i=1 ain : k ∈ N; a1, a2, · · · , ak ∈ A}
For any a1 ∈ A, a1(Bn) = a1(b1n∨ (b1n+ b2n)∨ · · · ) = (a1b1)n∨ ((a1b1)n+ (a1b2)n)∨ · · · 6 (AB)n.
For any a1, a2 ∈ A, a1(Bn) + a2(Bn) 6 (AB)n + (AB)n 6 (AB)n, since (AB)n is a submodule
element of M . Thus A(Bn) = a1(Bn) ∨ (a1(Bn) + a2(Bn)) ∨ · · · 6 (AB)n ∨ (AB)n ∨ · · · = (AB)n.
Therefore A(Bn) 6 (AB)n. Also (AB)n = (
∑
aibi)n ∨ ((
∑
cidi)n + (
∑
eifi)n) ∨ · · · 6
∑
ai(bin) ∨
(
∑
ci(din) +
∑
ei(fin)) ∨ · · · 6 A(Bn) ∨ (A(Bn) + A(Bn)) ∨ · · · = A(Bn). Thus (AB)n = A(Bn).
(ii) For every k ∈ N and a1, a2, · · · , ak ∈ A; a1n+ a2n+ · · ·+ akn 6 n+ n+ · · ·+ n = n implies that
An 6 n.
(iii) Trivial.
(iv) Trivial.
(v) From (iv) we have, Al 6 A(l + n) and An 6 A(l + n). Thus Al + An 6 A(l + n), since A(l + n)
is a submodule element of M . Also for every k ∈ N and a1, a2, · · · , ak ∈ A; a1(l + n) + a2(l + n) +
· · · + ak(l + n) = (a1l + a2l + · · · + akl) + (a1n + a2n + · · · + akn) 6 Al + An which implies that
A(l + n) 6 Al + An. Therefore Al + An = A(l + n).
(vi) Similar to (v).
(vii)Since l ∧ n 6 l and l ∧ n 6 n, so A(l ∧ n) 6 Al and A(l ∧ n) 6 An. Thus A(l ∧ n) 6 Al ∧ An.
(viii) A ∩ B ⊆ A and A ∩ B ⊆ B together implies that (A ∩ B)n 6 An and (A ∩ B)n 6 Bn. Thus
(A ∩ B)n 6 An ∧ Bn.
Let RM be an le-module and n be a submodule element of M . For any element r of R we set,
(n : r) = ∨{x ∈M : rx 6 n}.
Then (n : r) is a submodule element of M . One can check that n 6 (n : r) and r(n : r) 6 n. For
any submodule element of n of M and ideal A of R we set,
(n : A) = ∨{x ∈M : Ax 6 n}
which is also a submodule element of M . Immediately we have following propositions:
Proposition 2.4. Let RM be an le-module, n be a submodule element of M and A be an ideal of R.
Then
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(i) n 6 (n : A),
(ii) A(n : A) 6 n.
Proof. (i) We have An 6 n, and hence n 6 (n : A).
(ii) Denote X = {x ∈ M : Ax 6 n}. Then for any a ∈ A, a(n : A) = a(∨x∈Xx) = ∨x∈X(ax)
and ax 6 Ax 6 n implies that a(n : A) 6 n. Thus for every k ∈ N and a1, a2, · · · , ak ∈ A,
a1(n : A) + a2(n : A) + · · ·+ ak(n : A) 6 n and hence A(n : A) 6 n.
We omit the proof of the following useful observation, since it follows directly from definition.
Proposition 2.5. Let RM be an le-module, n be a submodule element of M and A be an ideal of R.
Then for every x ∈M and r ∈ R,
(i) rx 6 n if and only if x 6 (n : r).
(ii) Ax 6 n if and only if x 6 (n : A).
Let RM be an le-module. If l is a submodule element of M and n ∈M , we denote
(l : n) = {r ∈ R : rn 6 l}
Then (l : n) is an ideal of R. Also we have the following propositions.
Proposition 2.6. Let RM be an le-module. Then
(i) For every submodule elements n 6 l of RM , we have (n : e) ⊆ (l : e).
(ii) If {ni}i∈I be a family of submodule elements in RM , then (∧i∈Ini : e) = ∩i∈I(ni : e).
We omit the proof, since it is easy.
Proposition 2.7. Let RM be an le-module and l be a submodule element of M . Then for any ideal
A of R and n ∈ M , An 6 l if and only if A ⊆ (l : n).
Proof. Let a ∈ A. Then an 6 An 6 l implies that a ∈ (l : n). Thus A ⊆ (l : n).
Conversely, let A ⊆ (l : n). Then for every k ∈ N and a1, a2, · · · , ak ∈ A; a1n + a2n + · · ·+ akn 6 l,
since l is a submodule element. Hence An 6 l.
Proposition 2.8. Let RM be an le-module. Then for every ideals A and B of R and submodule
elements k, l and n of M ,
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(i) A ⊆ B ⇒ (n : B) 6 (n : A);
(ii) l 6 n⇒ (l : A) 6 (n : A);
(iii) ((n : A) : B) = (n : AB);
(iv) ((l ∧ n) : A) = (l : A) ∧ (n : A);
(v) (n : (A+B)) 6 (n : A) ∧ (n : B);
(vi) l 6 n⇒ (k : n) ⊆ (k : l) and (l : k) ⊆ (n : k);
(vii) ((l ∧ n) : k) = (l : k) ∩ (n : k);
(viii) (k : l + n) = (k : l) ∩ (k : n);
(ix) (k : l) ∩ (k : n) = (k : l ∨ n).
Proof. (i) and (ii) are trivial.
(iii) AB((n : A) : B) 6 A(n : A) 6 n, (by Proposition 2.4) implies that ((n : A) : B) 6 (n : AB).
Also AB(n : AB) 6 n implies that B(n : AB) 6 (n : A) and so (n : AB) 6 ((n : A) : B), by
Proposition 2.5. Thus ((n : A) : B) = (n : AB).
(iv) l ∧ n 6 l implies that ((l ∧ n) : A) 6 (l : A). Similarly ((l ∧ n) : A) 6 (n : A). Thus
((l ∧ n) : A) 6 (l : A) ∧ (n : A). Also A((l : A) ∧ (n : A)) 6 A(l : A) ∧ A(n : A) 6 l ∧ n. Thus
((l : A) ∧ (n : A)) 6 ((l ∧ n) : A). Therefore ((l ∧ n) : A) = (l : A) ∧ (n : A).
(v) A ⊆ A+B and B ⊆ A+B implies that (n : (A+B)) 6 (n : A) and (n : (A+B)) 6 (n : B) and
hence (n : (A +B)) 6 (n : A) ∧ (n : B).
(vi) Let r ∈ (k : n). Then rn 6 k and since l 6 n, so rl 6 rn 6 k. Thus r ∈ (k : l). Therefore
(k : n) ⊆ (k : l). Now let r ∈ (l : k). Then rk 6 l 6 n implies that r ∈ (n : k). So (l : k) ⊆ (n : k).
(vii) r ∈ ((l∧n) : k) if and only if rk 6 l∧n if and only if rk 6 l and rk 6 n if and only if r ∈ (l : k)
and r ∈ (n : k) if and only if r ∈ (l : k) ∩ (n : k). Thus ((l ∧ n) : k) = (l : k) ∩ (n : k).
(viii) Let r ∈ (k : l+n). Then r(l+n) 6 k, i.e, rl+ rn = r(l+n) 6 k. Now rl = rl+0M 6 rl+ rn 6
k,(since rn is a submodule element) and rn = 0M + rn 6 rl + rn 6 k shows that r ∈ (k : l) and
r ∈ (k : n). So r ∈ (k : l) ∩ (k : n). Thus (k : l + n) ⊆ (k : l) ∩ (k : n). Now let r ∈ (k : l) ∩ (k : n).
Then rl 6 k and rn 6 k. Thus r(l + n) = rl+ rn 6 k + k = k,(since k is a submodule element), i.e,
r ∈ (k : l + n). Therefore (k : l) ∩ (k : n) ⊆ (k : l + n). Hence (k : l + n) = (k : l) ∩ (k : n).
(ix) Let r ∈ (k : l ∨ n). Then rl ∨ rn = r(l ∨ n) 6 k. Now rl 6 rl ∨ rn 6 k implies that r ∈ (k : l).
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Similarly r ∈ (k : n). Therefore r ∈ (k : l) ∩ (k : n). Thus (k : l ∨ n) ⊆ (k : l) ∩ (k : n). Now let
r ∈ (k : l) ∩ (k : n). Then rl 6 k and rn 6 k. It follows that rl ∨ rn 6 k, i.e, r(l ∨ n) 6 k. So
r ∈ (k : l ∨ n). Thus (k : l) ∩ (k : n) ⊆ (k : l ∨ n). Hence (k : l) ∩ (k : n) = (k : l ∨ n)
3 Prime and primary elements
In this section we introduce and characterize the prime and primary elements in an le-module.
Definition 3.1. Let RM be an le-module and n be a proper submodule element of M . Then n is
called a primary element of M if for any a ∈ R and x ∈ M , ax 6 n implies that either x 6 n or
ame 6 n, i.e, either x 6 n or am ∈ (n : e), for some m ∈ N.
Recall that if I is an ideal of a ring R, then
Rad(I) = {a ∈ R : an ∈ I, for some positive integer n}
and we call Rad(I) the radical of the ideal I in R.
Let RM be an le-module and n be a submodule element of M . Then (n : e) is an ideal of R.
Now we set
Rad(n) = Rad(n : e),
and we call Rad(n) the radical of the submodule element n. Now we have the following propositions:
Proposition 3.2. If l, n and n1, n2, · · · , nk are submodule elements of an le-module RM then
(i) l 6 n⇒ Rad(l) ⊆ Rad(n)
(ii) Rad(Rad(n)) = Rad(n)
(iii) Rad(∧ni) = Rad(n1) ∩ Rad(n2) ∩ · · · ∩ Rad(nk).
Proof. (i) Let a ∈ Rad(l). Then ame 6 l 6 n, for some m ∈ N. Therefore a ∈ Rad(n) and so
Rad(l) ⊆ Rad(n).
(ii) We have Rad(n) ⊆ Rad(Rad(n)). Let a ∈ Rad(Rad(n)). Then am ∈ Rad(n), for some m ∈ N.
This implies that (am)ke 6 n, for some k ∈ N, i.e, ate 6 n, for some t = mk ∈ N. Thus a ∈ Rad(n).
Hence Rad(Rad(n)) = Rad(n).
(iii) Let a ∈ Rad(∧ni). Then a
me 6 ∧ni 6 ni, for some m ∈ N. This shows that a ∈ Rad(ni), for
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each i and hence a ∈ Rad(n1)∩Rad(n2)∩· · ·∩Rad(nk). Thus Rad(∧ni) ⊆ Rad(n1)∩Rad(n2)∩· · ·∩
Rad(nk). Now let a ∈ Rad(n1)∩Rad(n2)∩· · ·∩Rad(nk). Then a
m1e 6 n1, a
m2e 6 n2, · · · , a
mke 6 nk,
for some m1, m2, · · · , mk ∈ N. Let r = max{m1, m2, · · · , mk}. Then are 6 ni, for each i, i.e,
are 6 ∧ni. Therefore a ∈ Rad(∧ni) and it follows that Rad(n1)∩Rad(n2)∩· · ·∩Rad(nk) ⊆ Rad(∧ni).
Hence Rad(∧ni) = Rad(n1) ∩ Rad(n2) ∩ · · · ∩ Rad(nk).
Proposition 3.3. Let q be a primary element of an le-module RM . Then Rad(q) is a prime ideal of
R.
Proof. Let a, b ∈ Rad(q). Then ame 6 q and bne 6 q, for some m,n ∈ N. So
(a− b)m+ne =
m+n∑
k=0
(−1)k
(
m+ n
k
)
am+n−kbke 6 q
since either m+ n− k > m or k > n, and q is a submodule element. Thus a− b ∈ Rad(q). Also for
any a ∈ Rad(q) and r ∈ R, (ra)me = rmame 6 q shows that ra ∈ Rad(q). Hence Rad(q) is an ideal
of R. Let ab ∈ Rad(q) and b /∈ Rad(q). Then (ab)n = anbn ∈ (q : e), for some n ∈ N, i.e, anbne 6 q.
Since b /∈ Rad(q) so br /∈ (q : e), for every r ∈ N. In particular bn /∈ (q : e), i.e, bne 
 q. But q is a
primary element and so (an)ke 6 q, for some k ∈ N. Thus a ∈ Rad(q) and hence Rad(q) is a prime
ideal of R.
If q is a primary element of an le-module RM and Rad(q) = P , we say that q is P -primary.
Our following proposition gives a relation between primary elements of an le-module RM and
maximal ideals of R.
Proposition 3.4. Let q be a submodule element of an le-module RM . If Rad(q) = m is a maximal
ideal of R then q is a primary element.
Proof. Let a ∈ R and x ∈ M be such that ax 6 q and x 
 q. If possible, let a /∈ Rad(q). Then
〈Rad(q) ∪ {a}〉 = R, by the maximality of Rad(q). Since 1 ∈ R, 1 = u + ra, for some u ∈ Rad(q)
and r ∈ R. Since u ∈ Rad(q) so ume 6 q, for some m ∈ N. Now 1 = 1m = (u+ ra)m = um + sa, for
some s ∈ R. Then x = umx+ sax 6 ume + sq 6 q + q = q, a contradiction. Thus q is a m-primary
element.
Proposition 3.5. Let RM be an le-module and q1, q2, · · · , qr be P -primary elements of M . Then
q1 ∧ q2 ∧ · · · ∧ qr is P -primary.
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Proof. Let q = q1∧q2∧· · ·∧qr. It is evident that Rad(∧qi) = Rad(q1)∩Rad(q2)∩· · ·∩Rad(qr) = P ,
by Proposition 3.2. Now suppose that ax 6 q, a ∈ R, x ∈ M . If x 
 q, then x 
 qi, for some
i(1 6 i 6 r). Since qi is primary, ax 6 q 6 qi and x 
 qi implies that a ∈ Rad(qi) = P = Rad(q).
Thus q is P -primary.
Theorem 3.6. Let q be a P -primary element of an le-module RM and n ∈ M . Then the following
results hold:
(i) If n 6 q then (q : n) = R.
(ii) If n 
 q then (q : n) is a P -primary ideal of R.
Proof. (i) Let n 6 q and r ∈ R. Then rn 6 rq 6 q implies that r ∈ (q : n) for every r ∈ R. Therefore
(q : n) = R.
(ii)We have (q : n) is an ideal of R. Let a, b ∈ R be such that ab ∈ (q : n) and b /∈ (q : n). Then
abn 6 q and bn 
 q. Since q is primary, ame 6 q, for some m ∈ N. Now amn 6 ame 6 q implies
that am ∈ (q : n). Thus (q : n) is a primary ideal of R. To show Rad(q : n) = P , let a ∈ Rad(q : n).
Then amn 6 q, for some m ∈ N. Since q is primary and n 
 q, so (am)ke 6 q, for some k ∈ N. Thus
a ∈ Rad(q), and hence Rad(q : n) ⊆ P . Now let a ∈ P . Then am ∈ (q : e), for some m ∈ N implies
that amn 6 ame 6 q. Hence a ∈ Rad(q : n) and so P ⊆ Rad(q : n). Therefore Rad(q : n) = P .
Hence (q : n) is a P -primary ideal of R.
Theorem 3.7. Let q be a P -primary element of an le-module RM and a ∈ R. If a /∈ P then
(q : a) = q.
Proof. We have a(q : a) = a(∨ax6qx) = ∨ax6q(ax) 6 q. Since q is P -primary and a /∈ P , so it follows
that (q : a) 6 q. Also we have q 6 (q : a). Thus (q : a) = q.
Now we introduce the prime submodule elements of an le-module RM .
Definition 3.8. A proper submodule element p of an le-module RM is said to be a prime submodule
element if for every r ∈ R and n ∈M , rn 6 p implies that r ∈ (p : e) or n 6 p.
In the following result we characterize relationship of the prime submodule elements of M with
the prime ideals of the ring R.
Theorem 3.9. Let p be a prime submodule element of an le-module RM and x ∈ M . Then (p : x)
is a prime ideal of R for every x ∈ M .
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Proof. We have 0 ∈ (p : x) and so (p : x) 6= ∅. Let a, b ∈ (p : x). Then ax 6 p and bx 6 p implies that
(a− b)x 6 ax + (−b)x 6 p + (−p) 6 p + p 6 p and so a− b ∈ (p : x). Also (ra)x = r(ax) 6 rp 6 p
implies that ra ∈ (p : x). Thus (p : x) is an ideal of R. Let a, b ∈ R be such that ab ∈ (p : x). Then
(ab)x 6 p, i.e. a(bx) 6 p. Since p is a prime submodule element, so a ∈ (p : e) ⊆ (p : x) or bx 6 p,
i.e. a ∈ (p : x) or b ∈ (p : x). Hence (p : x) is a prime ideal of R.
In particular we have:
Corollary 3.10. If p is a prime submodule element of an le-module RM , then (p : e) is a prime ideal
of R
The converse of the above corollary does not hold, in general. In the next theorem we prove that
if, in addition, p is assumed to be primary then the converse holds. This result also characterizes
when a primary element becomes a prime submodule element.
Theorem 3.11. Let p be a proper submodule element of an le-module RM . If (p : e) is a prime ideal
of R and p is primary, then p is a prime submodule element.
Proof. Let rn 6 p and n 
 p for r ∈ R and n ∈M . Since p is primary so rme 6 p, for some m ∈ N,
i.e, rm ∈ (p : e). Since (p : e) is a prime ideal of R so r ∈ (p : e). Consequently, p is a prime
submodule element.
Also we have another characterization for the converse of Corollary 3.10.
Proposition 3.12. Let p be a submodule element of an le-module RM . If (p : e) is a maximal ideal
of R then p is a prime submodule element of M .
Proof. Let a ∈ R and n ∈ M be such that an 6 p. If possible, let a /∈ (p : e), i.e, ae 
 p. Then
〈(p : e)∪ {a}〉 = R, since (p : e) is maximal. Since 1 ∈ R, 1 = r+ sa, for some r ∈ (p : e) and s ∈ R.
Also rn 6 re 6 p, since r ∈ (p : e). Now n = (r + sa)n 6 rn+ san 6 p + p = p. Hence p is a prime
submodule element.
4 Primary decomposition in Laskerian le-module
An R-module M is called Laskerian if each submodule is a finite intersection of primary submodules.
Many authors assumed Laskerian modules to be finitely generated. For further information on
Laskerian modules readers are referred to [8, 9, 10, 11, 25, 28].
10
Let RM be an le-module and n be a submodule element of M . Then n is said to have a primary
decomposition if there exist primary elements q1, q2, · · · , qk of M such that
n = q1 ∧ q2 ∧ · · · ∧ qk.
A primary decomposition is called reduced if:
(i) q1 ∧ q2 ∧ · · · ∧ qi−1 ∧ qi+1 ∧ · · · ∧ qk 
 qi, for all i = 1, 2, · · · , k.
(ii) Rad(qi) 6= Rad(qj) for i 6= j.
An le-module RM is said to be Laskerian if every submodule element of RM has a primary
decomposition.
Throughout the rest of the article, every le-module RM is Laskerian. It is easy to observe that
if a submodule element n of an le-module RM has a primary decomposition then it has a reduced
primary decomposition.
Theorem 4.1. Let n be a proper submodule element of an le-module M which has a reduced primary
decomposition n = q1 ∧ q2 ∧ · · · ∧ qk. Then every qi is a prime submodule element if and only if
Rad(n) = (n : e).
Proof. First assume that each qi is a prime submodule element. We have (n : e) ⊆ Rad(n). Now
let a ∈ Rad(n). Then ame 6 n = ∧qi, for some m ∈ N. Therefore ame 6 qi, for each i. Since qi
is prime so ae 6 qi or a
m−1e 6 qi, for each i. If ae 6 qi then a ∈ (q : e). Otherwise a
m−1 6 qi
implies ae 6 qi or a
m−2e 6 qi. Continuing in this way we get a ∈ (qi : e), for each i. Thus
a ∈ (q1 : e) ∩ (q2 : e) ∩ · · · ∩ (qk : e), i.e, a ∈ (n : e). Hence Rad(n) = (n : e).
Conversely assume that Rad(n) = (n : e). Let Rad(qi) = Pi. We claim that Rad(qi) = (qi : e).
Let a ∈ Pi. Since ∩
k
i=1Pi is reduced there exists b ∈ ∩Pj but b /∈ Pi in R. Now ab ∈ ∩
k
i=1Pi =
∩ki=1Rad(qi) = Rad(n) = (n : e) = ∩
k
i=1(qi : e) implies abe 6 qi, for each i. Since qi is primary and
b /∈ Pi, so ae 6 qi, i.e, a ∈ (qi : e). Consequently, Pi = (qi : e). Hence by Theorem 3.11, each qi is a
prime submodule element.
Let I be an ideal of a ring R. Recall that a prime ideal P of R is called a minimal prime divisor
of I if I ⊆ P and if there is no prime ideal P ′ of R such that I ⊂ P ′ ⊂ P .
Let n be a submodule element of M . Then the minimal prime divisors of (n : e) are called
minimal prime divisors of n. Immediately we have
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Rad(n) = ∩P
where the intersection is over all minimal prime divisors of n. We omit the proof since it is similar
to the analogous result in the ideal theory of rings.
Let n = q1 ∧ q2 ∧ · · · ∧ qm be a reduced primary decomposition of a submodule element n of RM
and let Pi = Rad(qi), for i = 1, 2, · · · , m. The prime ideals P1, P2, · · · , Pm are called prime divisors
of n or associated primes of n.
Theorem 4.2. Let n be a proper submodule element of an le-module M which has a reduced primary
decomposition n = q1 ∧ q2 ∧ · · · ∧ qk and Pi = Rad(qi) be the associated prime ideals of n. Let P be a
prime ideal of R then (n : e) ⊆ P if and only if Pi ⊆ P for some i = 1, 2, · · · , k.
Proof. Let (n : e) ⊆ P . Then, by Proposition 2.8, ∩ki=1(qi : e) ⊆ P which implies that (qi : e) ⊆ P , for
some i. Now Pi is the smallest prime ideal containing (qi : e), hence Pi ⊆ P , for some i. Conversely
suppose Pj ⊆ P , for some j. Then (n : e) = ∩
k
i=1(qi : e) ⊆ ∩
k
i=1Rad(qi) ⊆ Rad(qj) = Pj ⊆ P .
Corollary 4.3. Let n be a submodule element of an le-module M . Then every minimal prime divisor
of n is a prime divisor of n and is minimal in the set of prime divisors of n.
Theorem 4.4 (1st Uniqueness Theorem). Let n be a submodule element of an le-module RM and
assume that n has a reduced primary decomposition n = q1 ∧ q2 ∧ · · · ∧ qr. Let P be a prime ideal of
R. Then P = Rad(qi), for some i if and only if (n : x) is a P -primary ideal of R, for some x 
 n.
Hence the set of all associated primes is independent of primary decomposition of n.
Proof. Let Pi = Rad(qi), for i = 1, 2, · · · , m. Without loss of generality, we assume that P = P1.
Since the decomposition is reduced, in particular q2 ∧ q3 ∧ · · · ∧ qm 
 q1. Let x = q2 ∧ q3 ∧ · · · ∧ qm.
Then x 
 n and (n : x) = (q1 ∧ q2 ∧ · · · ∧ qm : x) = (q1 : x) ∩ (q2 : x) ∩ · · · ∩ (qm : x). By Theorem
3.6, (qi : x) = R, for i = 2, 3, · · · , m and whence (n : x) = (q1 : x). Thus (n : x) is a P -primary ideal
of R, by Theorem 3.6.
Conversely suppose that (n : x) is a P -primary ideal of R, for some x 
 n. Now we have
P = Rad(n : x) = Rad(q1 : x) ∩ Rad(q2 : x) ∩ · · · ∩ Rad(qm : x). Now x 
 n implies that x 
 qi, for
some i say x 
 qk; 1 6 k 6 m. Then by the fact that (qi : x) ⊆ Rad(qi : x) and by Theorem 3.6, we
have, for each i, Rad(qi : x) = Pi or R, and is equal to Pi for i = k. Hence P is the intersection of
some prime ideals Pi1 , Pi2, · · · , Pih (1 6 h 6 m).i.e, P = Pi1 ∩ Pi2 ∩ · · · ∩ Pih. Thus P = Pi, for some
i.
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The following consequence is immediate.
Corollary 4.5. Let n be a submodule element of an le-module RM and assume that n has a primary
decomposition. If
n = q1 ∧ q2 ∧ · · · ∧ qr = q
′
1 ∧ q
′
2 ∧ · · · ∧ q
′
s
are two reduced primary decompositions of n, then r = s and the qi and q
′
i can be so numbered that
Rad(qi) = Rad(q
′
i) for i = 1, 2, · · · , r.
Let S be a multiplicatively closed set in R and n be a submodule element of an le-module M .
We define
nS = ∨{x ∈M : sx 6 n, for some s ∈ S}.
Note that if (n : e) ∩ S 6= ∅ then nS = e. Thus if 0 ∈ S, then nS = e. If n is a submodule element of
M then nS is a submodule element of M . We call the submodule element nS the S-component of n.
Proposition 4.6. Let RM be an le-module and n be a submodule element M having a primary
decomposition n = q1∧ q2∧· · ·∧ qm where qi are Pi-primary. If S is a multiplicatively closed set in R
such that Pi∩S = ∅, for i = 1, 2, · · · , k and Pi∩S 6= ∅, for the remaining i then nS = q1∧q2∧· · ·∧qk.
Proof. Let T = {x ∈ M : sx 6 n, for some s ∈ S}. Then nS = ∨T . Let x ∈ T . Then there exists
s ∈ S such that sx 6 n = ∧mi=1qi 6 qi, for i = 1, 2, · · · , m. Since Pi ∩S = ∅, s /∈ Pi and hence x 6 qi,
for i = 1, 2, · · · , k. It follows that nS = ∨T 6 q1 ∧ q2 ∧ · · · ∧ qk.
Now denote q = q1 ∧ q2 ∧ · · · ∧ qk. If k = m, then q = n ∈ T implies that q1 ∧ q2 ∧ · · · ∧ qk = q 6
∨T = nS. Thus nS = q1 ∧ q2 ∧ · · · ∧ qk. If k 6= m, then for j = k+ 1, k+2, · · · , m choose sj ∈ Pj ∩ S
and so s
rj
j e 6 qj for some rj ∈ N. Then for large enough r ∈ N, we have
(sk+1 · sk+2 · · · sm)
re 6 qk+1 ∧ qk+2 ∧ · · · ∧ qm
and hence (sk+1 · sk+2 · · · sm)
rq 6 (sk+1 · sk+2 · · · sm)
re 6 qk+1 ∧ qk+2 ∧ · · · ∧ qm. Also (sk+1 ·
sk+2 · · · sm)
rq = (sk+1 · sk+2 · · · sm)
r(q1∧ q2∧· · ·∧ qk) 6 (sk+1 · sk+2 · · · sm)
rq1∧ (sk+1 · sk+2 · · · sm)
rq2∧
· · ·∧ (sk+1 ·sk+2 · · · sm)
rqk 6 q1∧q2∧· · ·∧qk, since S is multiplicatively closed and qi’s are submodule
elements. Thus (sk+1 · sk+2 · · · sm)
rq 6 q1∧ q2 ∧ · · · ∧ qm = n which implies that q ∈ T and so q 6 nS.
Therefore q1 ∧ q2 ∧ · · · ∧ qk 6 nS. Hence nS = q1 ∧ q2 ∧ · · · ∧ qk.
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Let RM be an le-module and q be a submodule element of M which has a reduced primary
decomposition q = q1∧q2∧· · ·∧qn and Pi = Rad(qi), for i = 1, 2, · · · , n. Then Pi is called an isolated
prime divisor of n if Pi is minimal in the set of all prime divisors of n, i.e, Pi does not contain
properly any Pj, (i 6= j). If Pi is an isolated prime divisor of n then qi is called an isolated component
of n. In the next theorem we show that the isolated components of n are uniquely determined by n.
Theorem 4.7. Let RM be an le-module and n be a proper submodule element of M which has a
reduced primary decomposition n = q1 ∧ q2 ∧ · · · ∧ qm and Pi = Rad(qi). Then
q′i = ∨{x ∈M : (n : x) * Pi}
is a submodule element of M which is contained in qi. If qi is an isolated primary component of n
then qi = q
′
i.
Proof. Let T = {x ∈ M : (n : x) * Pi}. Consider x, y ∈ T and r ∈ R. Then (n : x) * Pi and
(n : y) * Pi and so there exist a, b ∈ R such that ax 6 n and by 6 n but a, b /∈ Pi. Therefore
ab(x + y) = (ab)x + (ab)y 6 bn + an 6 n + n = n implies that ab ∈ (n : x + y). Since Pi
is a prime ideal and a, b /∈ Pi, ab /∈ Pi. Thus (n : x + y) * Pi and hence x + y ∈ T . Also
arx = rax 6 rn 6 n implies that a ∈ (n : rx). But a /∈ Pi and so (n : rx) * Pi. Thus rx ∈ T .
Hence q′i + q
′
i = ∨x∈Tx + ∨y∈T y = ∨x,y∈T (x + y) 6 q
′
i and rq
′
i = r(∨x∈Tx) = ∨x∈T (rx) 6 q
′
i implies
that q′i is a submodule element of M . Let x ∈ T . Then (n : x) * Pi, and so there exists a ∈ (n : x)
such that a /∈ Pi. Thus ax 6 n 6 qi which implies that x 6 qi, since qi is a primary element. Hence
q′i = ∨x∈Tx 6 qi.
If qi is an isolated primary component of n then Rad(qi) = Pi is a minimal associated prime of
n and so Pj * Pi for i 6= j. Then there exists aj ∈ Pj such that aj /∈ Pi. Thus a
rj
j e 6 qj for some
rj ∈ N. Let a =
∏
j 6=i
a
rj
j . Then ae 6 ∧j 6=iqj but a /∈ Pi, since Pi is prime ideal. Now aqi 6 ae 6 ∧j 6=iqj
and aqi 6 qi implies that aqi 6 ∧
m
i=1qi = n and hence a ∈ (n : qi). Thus (n : qi) * Pi and so
qi ∈ {x ∈M : (n : x) * Pi}. Hence qi 6 q′i and it follows that qi = q
′
i.
Theorem 4.8. Let RM be an le-module and n be a proper submodule element of M which has a
reduced primary decomposition n = q1 ∧ q2 ∧ · · · ∧ qm. Then Rad(n) is the intersection of isolated
prime divisors of n.
Proof. We have Rad(n) = Rad(q1∧q2∧· · ·∧qm) = Rad(q1)∩Rad(q2)∩· · ·∩Rad(qm) = P1∩P2∩· · ·∩Pm,
where Pi = Rad(qi) are prime divisors of n. If some Pj is not isolated then Pi ⊆ Pj for some Pi and
hence we can delete such Pj from the above and we are done.
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Theorem 4.9. Let RM be an le-module and n be a submodule element of M which has a primary
decomposition. Then Rad(n) is a prime ideal of R if and only if n has a single isolated prime divisor.
Proof. Let n = q1 ∧ q2 ∧ · · · ∧ qm be a primary decomposition of n. Assume that Rad(n) is a prime
ideal of R and if possible suppose that n has two isolated prime divisors Pi1 and Pi2. Then, by
Theorem 4.8, Rad(n) = Pi1 ∩ Pi2 . Since Pi1 and Pi2 are isolated prime divisors of n so there exist
a ∈ Pi1, a /∈ Pi2 and b ∈ Pi2, b /∈ Pi1 . Hence ab ∈ Pi1 ∩ Pi2 = Rad(n). Since Rad(n) is prime ideal
so a ∈ Rad(n) or b ∈ Rad(n) which implies that a ∈ Pi2 or b ∈ Pi1 , a contradiction. Thus n has a
single isolated prime divisor. Similar is the case when n has more than two isolated prime divisors.
Converse part is obvious.
Theorem 4.10. Let RM be an le-module, n be a proper submodule element of M and r ∈ R. Then
n = (n : r) if and only if r is contained in no associated prime divisor of n.
Proof. Let n = q1∧q2∧· · ·∧qm be a reduced primary decomposition of n and Rad(qi) = Pi. Suppose
r /∈ Pi for every i = 1, 2, · · · , m. We have r(n : r) 6 n and so r(n : r) 6 qi for all i. Since qi is
primary and r /∈ Pi, so (n : r) 6 qi for all i. Thus (n : r) 6 n. Also n 6 (n : r). Hence (n : r) = n.
Conversely let (n : r) = n. If possible, without any loss of generality, assume that r ∈ P1.
Then rke 6 q1 for some k ∈ N which implies that (q1 : rk) = e. One can easily check that
((n : r) : r) = (n : r2) and so (n : r) = (n : rk). Thus (n : rk) = n. Now n = (n : rk) =
(q1 ∧ q2 ∧ · · · ∧ qm : r
k) = (q1 : r
k) ∧ (q2 : r
k) ∧ · · · ∧ (qm : r
k) = ∧i 6=1(qi : r
k) > ∧i 6=1qi > n. Thus
n = ∧i 6=1qi which contradicts that n = q1∧ q2∧ · · ·∧ qm is a reduced primary decomposition of n.
Theorem 4.11 (2nd Uniqueness Theorem). Let RM be an le-module and n be a submodule element
of M . If {Pi1, Pi2 , · · · , Pik} is a set of isolated prime divisors of n then qi1 ∧ qi2 ∧ · · · ∧ qik depends
only on this set and not on the particular reduced primary decomposition of n.
Proof. Let S = R\(Pi1 ∪ Pi2 ∪ · · · ∪ Pik). Then S is a multiplicatively closed set in R. To prove the
theorem it is sufficient to show nS = qi1 ∧qi2 ∧· · ·∧qik . For this we only need to show that S∩Pi = ∅,
for i = i1, i2, · · · , ik, and S ∩ Pi 6= ∅, for i 6= i1, i2, · · · , ik, rest will follow from the Theorem 4.6.
The former is certainly true. Let i 6= i1, i2, · · · , ik. Since {Pi1, Pi2 , · · · , Pik} is a set of isolated prime
divisors of n, we have Pi * Pij , for j = 1, 2, · · · , k, and hence Pi * ∪
k
j=1Pij . Thus S ∩ Pi 6= ∅.
The following consequence on the uniqueness of primary components corresponding to minimal
prime divisors of a submodule element is immediate from Theorem 4.6 and Theorem 4.11.
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Corollary 4.12. Suppose that n be a submodule element of an le-module M and P be a minimal
prime divisor of n. If a P -primary element q occurs in a reduced primary decomposition of n, then
q occurs in every reduced primary decomposition of n.
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